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Diffusion in concentrated, non-ideal liquid solutions may take place not 
only through motion of single molecules but also through movement of 
groups of molecules, or “clusters.” Analyzing this cluster diffusion leads to 
predictions that the diffusion coefficient can vary with the square root of 
the usual activity corrections to diffusion. These predictions seem consistent 
with experiments, particularly in highly non-ideal solutions. 

SCOPE 

The purpose of this article is to describe diffusion in 
concentrated liquid solutions. Such solutions are fre- 
quently highly non-ideal. The diffusion coefficient D in 
liquids is often estimated from the equation 

a In a1 
a In x1 

D = D o  (-) 
The reference value Do in this equation can be estimated 
from correlations like the Stokes-Einstein equation, which 
is exact for a single spherical solute molecule moving in a 
viscous continuum. The thermodynamic factor in paren- 
theses, which can be rationalized with irreversible thermo- 
dynamics (de Groot and Mazur 1962), is known to be ac- 
curate in highly dilute salt solutions. However, in highly 
non-ideal solutions, this equation can be inaccurate. Some 
of the inaccuracy doubtless results from the limits of 
models like a single solute sphere in a continuum, a pic- 
ture which is less valid in concentrated solutions of similar 
size (e.g., Cullinan and Cusik 1967, Dullian 1972, Ghai 
et a1 1973). More of the inaccuracy may come from an 
incorrect thermodynamic correction. 
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The approach here is to consider diffusion not only of 
single solute molecules, but also of small clusters of 
solute molecules. For this case, the diffusion coefficient 
becomes 

where the correlation length 5 is approximately the aver- 
age size of a cluster. This approach retains the same tem- 
perature and viscosity dependence as the Stokes-Einstein 
equation. The factor 2~ in place of 6~ is not a major 
change. However, both the diffusion coefficient D and the 
length 5 vary dramatically with the thermodynamic factor. 

The analysis of cluster diffusion is based largely on 
theories of diffusion near the critical solution temperature 
or consolute point (Swift 1968). In this region, both the 
size and the lifetime of concentration fluctuations become 
large, and the diffusion coefficient drops sharply to ap- 
proach zero. Theories developed to explain this behavior 
have not been used to predict concentration dependent dif- 
fusion farther from the consolute point, Here, we make 
and test such predictions. 
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CONCLUSIONS AND SIGNIFICANCE 

In concentrated non-ideal solutions, the diffusion coeffi- 
cient is shown to be 

I "  1 

c2 13 In al / J  
where K is a constant of order one half. This prediction 
retains the reference value Do, and so implies similar tem- 
perature, viscosity, and solute size dependence as earlier 
predictions. However, the exponent (%) on the quantity 
in brackets indicates a radically different dependence on 
the thermodynamic correction factor. This different depen- 
dence is a consequence of cluster diffusion. 

The variation of diffusion coefficient with the square 
root of the thermodynamic correction factor is observed 
for highly non-ideal systems where earlier predictions 
failed (Vignes 1968). Moreover, the predicted variation 
supports that observed empirically in other non-ideal so- 
lutions (Kasanovich and Cullinan 1976). The predictions 
are also consistent with the temperature dependence of 
diffusion near the consolute point. 

The results presented here allow improved estimates of 
diffusion in concentrated liquid solutions. The idea of 
cluster diffusion has provided further insight about liquid 
solution behavior. 

The description of diffusion in concentrated liquid solu- 
tions depends on the assumption that clusters of solute 
molecules can diffuse as a unit through a liquid solution. 
Such clusters are similar to the concentration fluctuations 
which occur near the critical solution temperatures or 
consolute points. Such points are shown schematically as 
the x's in the insert to Figure 1. They represent that tem- 
perature and composition where two liquids become mis- 
cible in all proportions. Where this occurs with increasing 
temperature, an upper consolute point is observed. Where 
it requires a decrease in temperature, a lower consolute 
point is found. 

Near this point, the binary diffusion coefficient drops 
precipitously to zero, as shown in Figure 1. This drop, 
which occurs at  both upper and lower consolute points, 
has been explained in three different ways, reviewed 
briefly here. 

=.. 10 20 20 1 
Temperature, O C  

Figure 1. Diffusion near consolute points: Diffusion drops pre- 
cipitously a t  these points, which are schematically illustrated in the 
insert. The data are for nitrobenzene-hexane (0, Claersson and 
Sundelof 1957) and for triethylamine water (0, Haase and Siry 

1968). 

The first explanation for the variation in Figure 1 rests 
on the modification of relations like the Stokes-Einstein 
equation (Turner 1975a,b) 

D=D*( -) a h a l  
d In x1 

At the consolute point, (a  In a,/a In xl) equals zero, but 
DO or [kT /6nvro ]  is finite, Thus Equation (1) correctly 
predicts that diffusion at the consolute point is zero. 

However, Equation (1) does not correctly predict all 
aspects of diffusion near the consolute point. To illustrate 
this, consider the system hexane-nitrobenzene (Figure 1). 
This solution is very nearly regular, i.e., 

p1 = p10 + kT In x1 + 0x22 (2) 

At the consolute point of such a solution, one may show 
that x1 = x2 = 0.5, and that o = 2kTc, where TC is the 
consolute temperature (Prigogine and Defay 1954). AS a 
result, one finds that at the critical composition 

Combining with Equation (1) 

D = D o [  '-*' T ] (4) 

The linear temperature variation in brackets is much 
greater than the temperature variation of Do near the con- 
solute point. However, this linear variation is not observed 
in Figure 1, so that Equation (1) and Equation (4)  are 
inconsistent with experiment. 

This failure of Equation ( l ) ,  a fixture of many lectures, 
may be initially difficult to accept. To try to save this 
equation, it might be argued that the regular solution model 
is wrong, that Do undergoes some unusual variation with 
temperature, or that some major effect like reference veloc- 
ity or viscosity has been omitted. None of these arguments 
are supported by experiment. The regular solution model 
is inexact near the critical point, but not dramatically SO 

AlChE Journal (Vol. 26, No. 1) Page 44 January, 1980 



(Stanley 1971). Indeed, the system hexane-nitrobenzene 
was chosen for study because it does closely fit this model 
(Haase and Siiry 1968). Any bizarre temperature variation 
of DO should also appear in the self-diffusion coefficient, 
but it does not (Leister 1970, Harman et a1 1972). Factors 
like viscosity do show anomalous behavior at consolute 
points (Mujake et a1 1977) but the effects are small, of 
the order ot 20%, for viscosity. This is much smaller than 
the drop in diffusion of at  least 100,000. 

Equation (1)  might also be salvaged by arguing that it 
can be rigorously derived from non-equilibrium thermo- 
dynamics, and hence is equivalent to the concept of en- 
tropy production. Equation (1)  can be so derived. How- 
ever, the derivation includes the assumption that the d 8 u -  
sion flux varies linearly with the appropriate thermody- 
namic force, in this case the gradient of chemical potential 
(de Groot and Mazur 1962, Fitts 1962, Katchalsky and 
Curran 1967). I t  is this assumption of linearity which is 
currently being questioned, not only for diffusion but for 
viscosity, thermal conductivity, and magnetization. It is 
being questioned because it is not supported by experi- 
ment (Stanley 1971). 

The second explanation of the results in Figure 1 as- 
sumes that Fick's law fails in this region (Anisimov and 
Perelman 1966). This failure means that 

D = Do [l + 2 V%1+ . . .] ( 5 )  
where 2 is a constant. In other words, the linear form 
of Fick's law must now include higher terms, just as the 
flow of non-Newtonian fluids can require higher terms 
than that in Newton's law of viscosity. While the details 
can not be concisely given, this approach also predicts that 
the diffusion should approach zero at a consolute point and 
can predict the correct temperature dependence, 

However, Equation (5) does not predict the concentra- 
tion profiles in a free diffusion experiment. In such an ex- 
periment, an initially sharp concentration profile is formed, 
and that profile decays with time. If Fick's law is correct, 
the concentration gradient in such an experiment should 
vary with the square root of time; if Equation (5) is cor- 
rect, the variation should be with the fourth root of time. 
Experiments near the consolute point show variation with 
the square root of time (Brunel and Breuer 1971). Thus 
Equation ( 5 )  is not valid over the current experimental 
range. 

The third explanation of the data in Figure 1 is that ex- 
tended in this article. It is assumed that long range fluctua- 
tions dominate behavior near the consolute point. When 
fluctuations of concentration and of fluid velocity couple, 
diffusion occurs. The concentration fluctuations include 
both single solute molecules and clusters of molecules. The 
velocity fluctuations exist even when the average fluid 
velocity is zero. The result is like turbulent "eddy diffu- 
sion," but one in which there is no flow. 

DIFFUSION VS. CORRELATION LENGTH 

Cluster diffusion is most easily described in terms of 
time-integrated velocity correlation functions (Reed and 
Gubbins 1973) which for dilute solutions may be written 
as 

I) = s" < s ( O )  s ( t ) >  dt ( 6 )  
0 

However, in a concentrated solution, the local concentra- 
tion as well as the velocity may undergo significant fluctua- 
tions. If these fluctuations couple, then the physical prop- 
erties of the solution will be altered (Debye 1959, Fixman 
1962)). In this case, the diffusion coefficient will become 
(Ferrell 1972) 
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(7) 

where F ( r )  is the time-integrated velocity correlation 
function and G ( r )  is the concentration correlation function 

G ( r )  = < C l ( r )  C l ( r ' )>  (8)  
In other words, the diffusion coefficient is equal to the 
time-integrated velocity correlation function averaged over 
fluctuations in concentration. Equation ( 7 )  implies a major 
assumption, that fluctuations in concentration and in ve- 
locity are statistically independent. This implies that the 
frequent, shorter range variations in solution properties 
contribute more effectively to diffusion than infrequent 
lonz-range fluctuations (Swift 1968, Kawasaki 1970). 

l h e  next step is estimating values of F ( r )  and G ( r ) .  
For the former, we assume the spherically symmetric form 
(Ferrell 1970) 

(9) 

This imp!ies that increases in temperature increase velocity 
fluctuations. More importantly, it implies that the viscosity 
can still be defined on a microscopic level. In a sense, 
Equation (9)  is similar to that used in the Stokes-Einstein 
equation, where the surroundings are treated as a viscous 
continuum. 

The concentration correlation function G ( 7 )  has different 
forms for hiehly dilute and for concentrated solutions. 
For highly dilute solutions, it is a large constant at less 
than the molecular radius and zero at  larger radii. When 
this result is combined with Equations (7)  and (9) ,  the 
result is the Stokes-Einstein equation, thus justifying Equa- 
tion (9)  (Ferrell 1970). 

For concentrated solutions, we return to the classical 
theory of the critical point and adopt the Ornstein-Zernike 
form (Stanley 1971) 

G ( r )  = - e-r/P 

where u is a length on the order of molecular size; and 4 
is the correlation length characteristic of the size of the 
concentration fluctuations, a rough measure of the average 
size of any diffusing clusters. The diffusion coefficient is 
found by combining Equations (7) ,  (9) ,  and ( 10) 

(10) 
a 
f 

(11) 
In other words, in concentrated solutions, it is the size of 
diffusing clusters rather than of diffusing solutes which 
controls diffusion. 

CORRELATION LENGTH VS. CHEMICAL POTENTIAL 

Of course, Equation (11) is useful only if one can esti- 
mate the quantity (, and in particular, its relation to the 
chemical potential and activity coefficients. Such an esti- 
mation will predict how the diffusion coefficient should 
vary with concentration. 

Near the consolute point, common expressions for the 
chemical potential fail and must be replaced by more 
elaborate theories. At least three generations of these 
theories are extensively described in the literature (e.g., 
Stanley 1971), so only the most important results are 
quoted here. These results are most easily expressed in 
terms of the deviations of the temperature and composition 
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from the consolute point. Specifically, they are that 
/ ' p  \ -2u 

0: ( x l  - xlC)1-6 when T = Tc (12) 

where the subscript C indicates the consolute values, and v 
and 6 are the exponents calculated theoretically. 

While no exact theory for these exponents exists, there 
are accurate approximations. Classical approaches based, 
for example, on the van der Waals equation, predict that 
u = '/z and that 6 = 3. More exact formulations (based 
largely on the Ising model) predict a similar value for u 
of about 0.62. However, they predict that 6 = 5, signs- 
cantly different than the classical results. We will use the 
Ising results in the discussion that follows. 

Farther from the consolute point, the common models 
of the chemical potential are more accurate. The relation- 
ship between this potential and the correlation length ( 
can be found from the equations oi Kirkwood and Buff 
(1951) 

1 apl 1 nxz(g11 + g22 - 2 g12) 
kT ax1 x1 1 + nxlxe(gl1 + g22 - 2 g1z) (13) --=-- 

where n is the number of molecules per volume and where 

r 

( 14) 

(15) 

- &a,. [..2 u 11 - 
To simplify the analysis, we assume that 

4va.P = 4 ~ a 1 ~ 6 1 1 ~  + 4 ~ a 2 ~ t ~ ~ ~  - 8 ~ a l d 1 2 ~  

Combining Equations (13-15), and rearranging, 

The correlation length depends on the square root of the 
chemical potential. 

Equation (16) has one obvious and major failing: It 
predicts that for an ideal solution, the correlation length is 
zero, This is nonsense, because the correlation length can 
not become smaller than the average diameter of the mole- 
cules. As a result, we empirically modify Equation (10) 

(17) 
The quantity ro is characteristic of the molecular radius. 
This modification does not affect the results near the con- 
solute point but it does insure that Equation (17) reduces 
to the Stokes-Einstein equation for dilute solutions. 

A COMPARISON OF PREDICTIONS 

The differences between the approaches suggested by 
Equation ( 1 )  and Equation (5) and those developed 
above are made clearer by considering a special case, the 
van Laar solution. For this case, the chemical potential is 
(King 1969) 

where A and B are adjustable parameters. Since at the con- 
solute point apl/axl = a2~1/ar12 = 0, 

where the subscript C again indicates the critical composi- 
tion and temperature. The parameter B can be found by 
rotating the indices. 

These expressions can now be combined with Equation 
(1) 

~ ~ T C X ~ C ~ X ~ C ~ X ~ X ~  

(20) 
At the consolute composition, this reduces to Equation 
(4)  : Diffusion varies linearly with temperature, Other 
simple thermodynamic models also predict linear depen- 
dence. At the consolute temperature, there is no simple 
concentration dependence except for a regular solution, 
when diffusion varies with the square of the deviation 
of the concentration from the consolute value. 

Similar predictions based on the modified form of Fick's 
law given in Equation (5) are not possible, since this 
equation is phenomenological. I t  introduces a new param- 
eter, Z, whose temperature and composition dependence 
can be adjusted to fit the experimental results. However, 
one should remember that this theory predicts the wrong 
time dependence of free diffusion experiments (Brunel 
and Breuer 1971). 

The results from the theory of critical phenomena can 
be found by combining Equations (11-12) 

0.62 
when x1 = x1c 

D = D o  (z-1) T 

= Do(x1 - x~c) ' "  when T = TC (21)  

where Do( = kT/2r7ro) is some standard value and the 
critical exponents are those based on the Ising theory. 
The value chosen for Do or for ro is not important here, 
since the behavior close to consolute point is important. 

The results based on cluster diffusion farther from the 
consolute point can be found by combining Equations 
(11) and (17) 

where Do( =kT//hrTro) is a reference value and I(( = 1/ 
16~ro2an) is a constant characteristic of the system being 
studied. In highly non-ideal solutions, +l/a.rl can ap- 
proach zero and the term containing K can become large 
relative to one. In this case, the result for a van Laar solu- 
tion is 

T [xlxzc(l + xic) + ~ 2 ~ 1 c ( 1  + xzc)I3 
D = D o  - 

27Tc x1c2x2c2 

- XlXZ )- % (23) 

where Do ( = k T / q )  ( a n / T )  ''2) is again a reference value. 
At the critical composition, Equation (23) predicts D 
varies with the square root of temperature, At the critical 
temperature, no simple composition dependence exists: 
The variation is linear for a regular solution, and higher 
for a van Laar solution. 
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The differences between these results are summarized 
in Table 1. More physical insight can be found from com- 
paring Equation (22) and Equation (1). Equation (22) 
is for diffusion of clusters of solute molecules what Equa- 

show the same viscosity dependence. Both predict that 

has a constant of (l/h); Equation (1)  shows a constant 
of ( 1 / 6 ~ ) ,  but this value would also be ( 1 / 4 ~ )  if the 
boundary condition on the rigid sphere was "no stick" 
instead of "no slip." 

tion (1)  is for diffusion of a single solute molecule. Both 

diffusion varies inversely with solute size. Equation (22) 
4 

@ 
p: 

3 a The chief difference between Equations (1)  and (22) 
is the dependence on chemical potential or activity coeffi- 
cient. Equation (1) predicts this dependence is linear, but 
Equation (22) predicts a more complex dependence in- 
volving a square root. As a result, corrections for activity 
are considerably smaller for cluster diffusion than those 

- 
$ E  
g +  
.- g &  

$ 

Y L  
m a ,  

z 3  .- 
expected from Equation ( 1 ) .  Whether this is true will be 
checked experimentally here. 

All the analyses above predict the diffusion coefficient 
as 

m 

0 

Y 

CI 
a 

z 2  
8 2  
z g  
.I? E 
.# z 2  
% > 

D = D o f ( *  axl ) (24) 

The chief difference between approaches is the form of 
the function f .  To compare these different approaches, 
the three quantities D ,  (apl /axl) ,  and Do must all be 

and the second is commonly calculated from vapor pres- 

c a  

E known, The first is found from diffusion measurements, 
B sure determinations. The third must be estimated from k 

earlier theories, which most often calculate an average n 
diffusion coefficient from the values at infinite dilution. 
These averages vary widely: for example, they can be 
arithmetic weighted with the mole fraction (Hartley and 
Crank 1948), arithmetic weighted with the volume frac- 
tion (Dullien 1972, Kosanovich and Cullinan 1976), or 
geometric, weighted with the mole fraction (Vi\gnes 1968). 
Which average is chosen influences the success of the Ei estimates of diffusion coefficient. w 

We decided not to choose a single means of estimating 5 0 

- m k 
0 6" 

c &  
'E g 

; 9  E 4 

r3 m u a , g  2 

8 

u .Ei - Y m  o f f  .e .- 

Do, but to use that chosen by each earlier investigator to 

of average which best supports his or her ideas. This vari- 

correlate his or her own diffusion measurements. We did 2 .E, 2 '5 
so in the expectation that an investigator chooses the type @ 5 . ~  9 

a Q  
able choice provides a more stringent test of Equation 
(22) than of Equation (l),  since in almost all cases, the 
type average is chosen after first assuming Equation (1)  

NEAR THE CONSOLUTE POINT r 
6 

lowed by results in more ordinary solutions. The first ex- 
ample is the system water-triethylamine, which has a lower 
critical solution temperature at 18.7C. Diffusion and 
chemical potential measurements in this system measured 

and Tyrell 1973b, Kohler 1951, Counsel1 1959) are in 

1948) 0 

is correct. .- : 
Y 

a 

Results near consolute points are discussed first, fol- x 

v1 

m 
by independent groups (Haase and Sirey 1968, Dudley 

good agreement. Dudley and Tyrell suggest that (Darken 
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Do = x ~ D ~ O  + ~ 1 0 2 ~  

where the Die's are intradiffusion coefficients which have 
been measured experimentally (Dudley and Tyrell 1973a). 
Thus Equations (1) and (22) can be critically compared. 

The first test of Equation (22),  given in Figure 2, shows 
that the inverse square of the diffusion coefficient is, in 
fact, proportional to the chemical potential derivative, as 
predicted by Equation (22).  The position of this line gives 
the magnitude of the parameter K in this equation. Some- 
what surprisingly, this value is a strong function of tem- 

(25) 

m 
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I kT d x ,  

,,[, %-I1 
Figure 2. Diffusion of triethylamine i n  water: The slopes are those 
predicted from Eq. (22). The values of D (Dudley and Tyrell 1973b) 
agree closely with those interpolated from Haase and Siry (1968). 
The values of Do and (apl /axl )  are experimental (Dudley and 

Tyrell 1973~1, Counsel1 1959). 

perature, equal to about 0.05 at 5°C and 0.13 at 15°C. 
Whether this change is real or a consequence of the large 
errors involved in calculating (+l/axl) is uncertain. 
Using these values, one may estimate the variation of dif- 
fusion with concentration which is predicted by Equation 
(22).  As Figure 3 shows, this variation agrees more closely 
with experiment than that predicted by Equation (1). 
Unfortunately, it can not be compared with the predic- 
tions of Equation (21), because the temperature is lower 
than the consolute value. 

Other examples of diffusion near the consolute point 
are less conclusive. Measurements of laser-Doppler light 

1 .OL 
u t  

I 1 I I 
I I 0.5 1 .o 

0.0 11 

Mole Fraction Nitrobenzene 
Figure 4. Predicted diffusion in  nitrobenzene-hexone a t  27°C: While 
cluster diffusion arguments are qualitatively successful (zolid line), 
the conventional activity corrections are more accurote (dashed line). 

Data are from Haase and Siry (1968). 

t 

0 0.5 7 .o 
Wt. Fraction Triethylamine 

Figure 3. Predicted diffusion in  triethylamine-water a t  15°C: 
Cluster diffusion arguments (solid line) accurately predict the re- 
sults. Conventional activity corrections (doshed line) are much less 

successful. 

scattering on isobutyric-acid water near its upper con- 
solute point agree with theories of critical phenomena 
equivalent to Equation (21) (Chu et a1 1%9), but these 
measurements are limited to five determinations of D, 
without measurements of Do or of apl/axl. Interferometric 
measurements of diffusion of nitrobenzene-hexane near its 
upper consolute point are much more complete (Haase 
aqd Siry 1968). These are complemented by vapor pres- 
sure determinations and sedimentation experiments. While 
the experiments do not show the anomalous behavior ob- 
served in other systems (Block et a1 1977), they do pro- 

A,V Hexane-Nitrobenzene 
0 Analine-Cyclohexane 
0 Isobutyric Acid-Water 
0 Carbon Tetrochloride- 

$30- Perfluoromethylcyclo hexone 
- " 
a2 
0 v 

- 
L - 

10- - 
v) = 
r r - 
0 

/ 

i' I I 
10-4 1 0 - 3  10-2 1c 

Figure 3. Diffusion vs. temperature, near consolute points: The 
cri t ical point theories (dotted line) f i t  the results very closely. The 
cluster diffusion approach (solid line) i s  much more successful than 
the conventional prediction (dashed line). A, Claersson and Sundelof 
(19571, V, Haase and Siry (1968), 0, Berge and Volochine (1968). 

0, Chu et  al. (1968) 0, Thiel et al. (1975). 

(T ITc -  I ) 
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0 Methanol-Benzene 
0 Me thano I - Carbon Te t roc h I o r i de 
h Ethanol-  Benzene -v Ethanol-Carbon Tetrachloride 

Nitromethane-Carbon Tetrachloride 

P ’ 0  

-/ 
- v l 3  

I I I 
10 i 

Figure 6. Diffusion in concentrated non-ideol solutions: This corre- 
lation, an analogue to Figure 2 but far from the consolute point, i s  
consistent with Eq. (22) and hence with cluster diffusion in these 
systems. 0, Anderson et al. (1958), e, Anderson and Babb (19631, 
A, Anderson et 01. (19581, V, Hammond and Stokes (1956) and 

Anderson and Babb 1963, 0, Miller and Carmen (1959). 

vide one way of estimating Do. On this basis, plots like 
Figure 2 can be prepared from which K = 0.5. The varia- 
tion of diffusion with concentration can be predicted, as 
shown in Figure 4. This prediction is reasonable; however 
in this case, predictions based on Equations (1) or (20) 
are much superior. 

More definite evidence in favor of cluster diffusion 
comes from the variation of diffusion with temperature 
shown in Figure 5. Equation (21), derived to apply at 
the consolute point, fits the data very closely. Equation 
(23), for cluster diffusion, fits much more closely than 
Equation ( 1 )  or (20), the conventional activity correc- 
tions. For this case, cluster diffusion definitely gives a 
more accurate picture. 

This smaller temperature dependence suggested by 
Equations (21) and (23) has an interesting practical im- 
plication, Since diffusion is very sIow in the region near 
the consolute point, liquid-liquid extractions could be 
difficult to effect, if this region were extensive. In fact, 
this region is small. Equations (21) and (23) correctly 
predict this: For a consolute point around room tempera- 
ture, diffusion drop more than an order of magnitude only 
within about 3°C of the consolute point itself. Equations 
( 1 )  and (20) are less successful: for example, Equation 
(20) predicts this temperature increment is about 30°C. 
If the region were in fact this big, consohte behavior 
might sharply affect industrial separation. 

NON-IDEAL SOLUTIONS 

To test the ideas developed above in less exotic situa- 
tions, we focus on two previous theories of concentration 
dependent diffusion, those of Vignes (1968) and Kasano- 
vich and Cullinan (1976). The former is chosen because 
of its unusual scope and wide success. The latter is in- 
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Figure 7. Predicted diffusion in concentrated non-ideal solutions: k 
in Figure 3, the cluster diffusion predictions (solid lines) are more 
successful than the conventional activity corrections (dashed line); 

these latter tend to be too large. 

cluded because it hints at empirical results like those de- 
veloped theore tically. 

The Vignes theory estimates values of Do as a geometric 
average 

where Do,imj is the diffusion coefficient of species “i“ in 
excess species “ j  # i.” Vignes combined these estimates 
with a linear activity correction like that in Equation (1) .  
When the activity correction was small, he obtained rea- 
sonable results. When it was large, he was less successful. 

We decided to test Equation (22) for five systems for 
which Vignes found his theory inadequate. The results, 
shown in Figure 6, again show that the inverse square of 
the diffusion coefficient varies with the activity correction. 
All five of these systems are miscible in all proportions; all 
show major deviations from ideality; only one (nitrometh- 
ane-carbon tetrachloride) is close to its consolute point. 

Results in Figure 6 support the variation suggested by 
Equation (22). They give a value of 0.5 for the constant 
K, near that found for nitrobenzene-hexane and about five 
times greater than those found for triethylamine-water. TO 
see if these values are reasonable, we return to the defini- 
tion of K, which is (1/16 vro2an). The quantity a is on the 
order of ro; and n is probably about [4/3 1r(2r0)3] -l. Thus 
K should be about 2/3$ in reasonable agreement with the 
measured value, The predictions of concentration-depend- 
ent diffusion obtained are exemplified by those in Figure 
7. Equation (22) does a better job. Equation (1) predicts 
too large a variation of the diffusion coefficient. 

The Kasanovich-Cullinan theory ( 1976) provides addi- 
tional support for Equation (22). This theory calculates 
Do as a type of volume average 

Do = ( D 0 , 1 m 2 ) Z a ( ~ 0 , 2 m l ) = 1  (26) 

DO = Do,2ml $1 + DO,lrn2,42 
where the 4;s are modified volume fractions (Hildebrand 
1977). This theory searches for an empirical relation be- 
tween D/Do and (dpl/dxl) for five chemical systems dif- 
ferent than thos,e in Figure 6. These authors then make a 
plot equivalent to Figure 6 (their Fig. 2) and obtain an 
equivalent result, that diffusion varies with the square root 

(27) 
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of (dpl/axl), and not with the first power suggested by 
Equation ( 1). 

Thus Vignes (1968) and Kasanovich and Cullinan 
(1976) support Equation ( 2 2 )  and the concept of cluster 
diffusion, especially for highly non-ideal solutions. How- 
ever, such a concept will not always be  valid, especially for 
near-ideal solutions where long-range repulsive forces exist 
between solute molecules, The obvious example is dilute 
salt solutions, where Equation (1 )  is well verified (e.g., 
Robinson and Stokes 1959). The reason is almost certainly 
that electrostatic forces reduce any fluctuations in solute 
concentration. In  addition, the concept of cluster diffusion 
is presently compromised by the constant K and by the 
uncertain averages for DO. Both K and Do deserve further 
investigation. 
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NOTATION 

a, aij = characteristic length (Equations 10, 14) 
ai = activity of species “i” 
A, E = van Laar solution parameters (Equation 18) 
D = diffusion coefficient 
Do, Do,imi = reference value of diffusion coefficient 
F ( r )  = time-integrated velocity correlation function 

(Equation 6 )  
concentration correlation function (Equation 8) 
Boltzmann’s constant 
constant (Equation 2 2 )  
number molecules per volume (Equation 13) 
radial distance 
effective molecular radius 
temperature 
mole fraction species “i” 
phenomenological coefficient (Equation 5)  
critical exponent (Equation 12) 
viscosity 
chemical potential species ‘‘i” 
critical exponent (Equation 12) 
correlation length (Equation 10) 
volume fraction 
regular solution parameter (Equation 2) 
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Analysis of the Phase Inversion 
Characteristics of Liquid= Liq uid Dispersions 

Correlations of the collision frequency and the coalescence frequency of 
an agitated dispersion are combined with models relating drop sizes and 
hold-up to agitator speed, to predict the ambivalence range and phase inver- 
sion composition of liquid-liquid dispersions. Our model was tested by com- 
paring predicted and experimental phase inversion compositions of the sys- 
tems toluene-water and carbon tetrachloride-water. In addition, the pre- 
dicted results have been compared with published results for the system 
kerosene-water, and in all cases, agreement between predicted and experi- 
mental results are excellent. 
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University of Arton in Birmingham 
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SCOPE 

Liquid-liquid dispersions are generated in solvent ex- 
traction operations, direct contact heat exchangers and in 
two-phase chemical reactors. The identification of the dis- 
persed phase under all conditions and the limits of stabil- 
ity of these heterogeneous mixtures are most important 
in these process operations. Hitherto, the limits of the 
ambivalence range and the phase inversion concentrations 
have been treated qualitatively, and there has been no 

attempt to predict either limit or assess the effect of agi- 
tator speed and the physical properties of the system on 
the inversion characteristics. In this article, phase inver- 
sion is analyzed in terms of the collision frequency and 
coalescence frequency of agitated dispersions. I t  was 
possible to combine models of these two phenomena with 
the effects of disperse phase hold-up on drop size, to ac- 
curately predict the ambivalence range and the phase in- 
version compositions. 

CONCLUSIONS AND SIGNIFICANCE 

The collision frequency and the coalescence frequency 
of agitated dispersions have been studied extensively, and 
both have been found to depend on the turbulence level 
ot the agitation, the disperse phase hold-up, and the physi- 
cal properties of the system. These phenomena can be 
combined to accurately predict the ambivalence range and 
the phase inversion concentration. Thus the ambivalence 
range can vary from 20% dispersed to 90%, depending 
on how the dispersion was produced. Recently, Arnold 
(1975) showed that a solvent extractor operates most effi- 
ciently under sequential phase inversion conditions. There- 

fore, it is necessary to be able to predict the ambivalence 
range and the phase inversion concentrations, and the 
model presented here has been tested on two systems of 
widely different physical properties, together with a third 
studied qualitatively by another researcher (Ali 1969). We 
found that the ambivalence range and the phase inversion 
concentration can be predicted accurately as a function of 
agitator speed, dispersed phase hold-up and the physical 
properties of the system. This has significance in the de- 
sign and operation of extraction equipment, direct contact 
heat exchangers, and two-phase liquid-liquid reactors. 

Characterization of a liquid-liquid dispersion is an im- 
portant requirement in many industrial chemical engineer- 

ing operations such as solvent extraction, direct contact 
heat exchangers, and batch and continuous heterogeneous 
reactors. These dispersions are produced by injecting one 

ical Engineers, 1980. chanically agitating the two phases in the equipment in 
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